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Abstract 

We investigate the nonlinear realization of spontaneously broken N = 2 
superconformal symmetry in 4 dimensions. We particularly study Nambu- 
Goldstone degrees of freedom for the partial breaking of A = 2 super- 
conformal symmetry down to N = 1 super-Poincare symmetry, where we 
get the chiral NG multiplet of dilaton and the vector NG multiplet of NG 
fermion of broken Q-supersymmetry. Evaluating the covariant differentials 
and supervielbeins for the chiral as well as the full superspace, we obtain 
the nonlinear effective lagrangians. 
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In the last few years there has been much interest in N = 2 supersymmetric gauge 
theory in the context of duality which provides us with the understanding of non- 
perturbative properties of supersymmetric field theories as well as string theories. 

Hughes, Liu and Polchinski pointed out that N = 2 global supersymmetry can 
be partially broken down to N = 1 supersymmetry by giving the argument on the way 
how to evade the existing no-go theorem of partial breaking of extended supersymmetry 
based on the supersymmetry current algebra. They also explicitly constructed the 
four-dimensional supermembrane solution of the six-dimensional supersymmetric gauge 
theory, in which the second supersymmetry, in the equivalent four- dimensional N = 2 
theory, is spontaneously broken and the partial breaking is realized. While, Antoniadis, 
Partouche and Taylor || introduced the electric and magnetic Fayet-Iliopoulos terms 
in the N = 2 gauge theory of abelian vector multiplet and have shown that there 
occurs spontaneous breaking of N = 2 to N = 1 supersymmetry. This partial breaking 
induced by the Fayet-Iliopoulos terms has also been obtained by taking the flat limit 
of the N = 2 supergravity theories [Q. 

Bagger and Galperin [5| have studied the nonlinear realization of iV = 2 su- 
persymmetry partially broken down to AT = 1 supersymmetry || [7| and obtained the 
Nambu-Goldstone multiplet both for the cases; chiral multiplet || and vector-multiplet 
H , and discussed the nonlinear transformation laws as well as the low-energy effective 
lagrangians |§. 

Here in this paper, we shall investigate the nonlinear realization of N = 2 extended 
superconformal symmetry in four-dimensions, which is realized for the case of vanishing 
/^-function in the N=2 supersymmetric QCD. We study the spontaneously breaking of 
this symmetry down to N — 1 super-Poincare symmetry. We identify the Nambu- 
Goldstone degrees of freedom corresponding to the broken charges. It turns out that 
there appear a vector multiplet of NG fermion of the broken second Q-supersymmetry 
as well as a chiral multiplet of dilaton, axion and dilatino which are associated with the 
broken dilatation, chiral U(l) rotation and the first ^-supersymmetry generators. We 
note that the NG fermion of the broken second S'-supersymmetry can be expressed as 
the derivative of the true NG-fermion of the second Q-supersymmetry. We obtain the 
effective interaction for the system of the dilaton multiplet coupled to the NG-vector 
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multiplet. 

Let us suppose a certain symmetry, characterized by a group G, which is sponta- 
neously broken down to its subsymmetry given by a subgroup H. In such a case there 
appear Nambu-Goldstone (NG) fields that transform nonlinearly under G as the coor- 
dinates of the coset space G/H. In the framework of the nonlinear realization, we can 
construct low-energy effective lagrangians describing the interactions of massless NG 



particles. Based on the framework || [TTj] for the nonlinear realization of space-time 



symmetries, which is the modification of those for the internal symmetry [12] we can 



investigate the spontaneously broken extended supersymmetry |T3 . 

We now consider the 4-dimensional N=2 superconformal group usually denoted 
by S77(2, 2/2), the generators of which are those of conformal group: translation P /t , 
Lorentz rotation M M „, conformal boost K^, and dilatation D operators; together with 
Q-supersymmetry generators: Q aA , Q& (A = 1,2); S-supersymmetry generators: S aA , 
S% (A = 1,2) and SU(2) generators, T A B , the chiral U(1) R charge A, and the U{2) 
chnxgeB a B = T A B + \8 A A. Some relevant commutation relations are the following: 

[P„ K v \ = 2i(g^D - M, u ) , {Q aA , Q B } = 2b B o ma P* , {S$, S &B } = 25 A a, a ^ 
i 3 - ■ i A 3 

[QaA, D] = -QaA , [QaA, A] = -Q aA , [S A , D] — — -S A , [S" , A] = —-S a 

{QaA, S? 3 } = 5 B A [{onlM»„ - 2i8iD] - A5? a B A B 

[QaA, = <7^ aa S A , [S A , Pfj] = (J ° QaA (1) 

c c 1 c ~ • c c - ■ 1c - ' 

[QaA,T B ] = 5 A Q aB - -5 B QaA , [S A ,T B ] = 5 A S B - -5 B S A 

[T A B , T C D ] = 5 B T C B - 5 B T A D (A, B, C, D = 1, 2) 

The various breaking patterns of this symmetry are illustrated in Fig.l. The spon- 
taneous breaking of the pattern E has been the subject discussed in the literatures 
|], ||, |3], £|, ||. Here in this paper, we shall investigate the breaking pattern B. 

Now we note that the charge commutation relation between an unbroken charge 
and a broken charge gives another broken charge. This relation puts the constraints on 
NG particles. For example, when conformal group is spontaneously broken to Poincare 
group, the NG field M associated with the conformal boost is not an independent 
NG degree of freedom, but is related to the dilaton a, the NG particle for dilatation, 
as <pa ~ du<J. This relation is obtained through the use of one of the commutation 



relations of conformal algebra 

[P„ K u ] = 2i{g^D - M^v) (2) 
and the Jacobi identity for P^, K v and a 

[[P„ K„], a] + [[K„, a], P„] + [[a, P,},K U ] = 0. (3) 

The vacuum expectation value of (|3|) gives (0| [K u , d^a] |0) = — 2g^ v {Q\ [D, a)\0) ^ 0. 

First we consider the case where D=4 N=2 superconformal group is spontaneously 
broken down to iV=l superconformal group, i.e. the breaking A in Fig.l. In this case, 
we have the broken generators S iq2 (S , 2 ), Qa2(Qa), T and T, while B\ = 3i?/4 and B\ 
remain unbroken. Here R is the U(1)r for N=l superconformal group. 

The constraints on NG particles are obtained in the same manner. The following 
commutation relations: 

[S«, P,] = *« a Q a2 , [Q al ,T] = Q a2 , {Q al , S? 2 } = -45%? (4) 

give rise to the constraints on N=l NG multiplets X a { x i ®i v { x -> ®) an d ' l l>a2(x, 0, 0) 
for Qa2, T and S 132 . The Jacobi identities lead to 

^ ~ d**&>x« , v ~ {Ql, Xa} , ~ [Qt v] (5) 

These transformations @ show that there is an independent N—l NG multiplet 
X a {x,6,6) which contains component fields x a i v an d r 4'a2i moreover we can identify 
these fields with Abelian gaugino, D-term and the derivative of gaugino, respectively. 
Now we impose the chirality condition on x a { x i Namely, x a { x i@i@) is a vector 

multiplet with spin | and 1 fields. The spin 1 field does not really correspond to a NG 
degree of freedom, but a superpartner of the NG fermion. For this reason, we may call 
this multiplet as NG-Maxwell multiplet. 

From the argument based on the charge commutation relation (H), we expect that if 
Q-supersymmetry is spontaneously broken, then the corresponding S'-supersymmetry 
is broken as well and the NG fermion corresponding to the broken S-supercharge is 
written as a derivative of the NG fermion corresponding to the broken Q- supercharge. 
We shall present a proof for this statement by using a spectral representation ||14j| . Here 
we use, for simplicity, the four- component Majorana fermion representation. 
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Let us introduce Q-supercurrent J m , S-supercurrent S^ a and consider the spectral 
representation of the two-point function. According to the PCT invariance, Lorentz 
covariance, the spectral condition as well as parity invariance, we can write down the 
two-point function as 

(0|{J Ma (a;),x^(z/)}|0) = j dm 2 [pi(m 2 )id^ a p + p 2 (m 2 )(7 M ) Q/3 + p3(m 2 )id u (a^) af3 } 

xiA(x - y;m 2 ). (6) 

where Pi(m 2 ) (i = 1,2,3) are the spectral functions. Q-supercurrent conservation 
d^Jfjia = as well as S-super current conservation (7^)0-/3^/3 = lead to 

m 2 p 1 (m 2 ) = , p 2 {m 2 ) = 0, p 3 (m 2 ) = -ipi(m 2 ) (7) 

Hence, we can write down the spectral representation of the two-point function as 
(pi(m 2 ) = p{m 2 )): 

roc J 

(0\{J m (x),xp(y)}\0) = J o dm 2 p(m 2 )lid fl 5 aP --td»(a llu ) a p]tA(x-y;m 2 ), (8) 
with m 2 p{m 2 ) = 0, which implies 

p(m 2 ) = c5(m 2 ). (9) 

We note that if c 7^ 0, Q-SUSY is spontaneously broken and the corresponding NG 
fermion is Xa- 

Next we calculate the following vacuum expectation value of the equal-time com- 
mutation relation, by using S^ a (x) = x v ^ v a ^J ^{x) as 

7/3X7 (y)}|0)| xo=yo 
= J d A x 5(x -y )x^ 5 ^f3(y)(0\{J s(x),Xj(y)}\0) 
= 4:c5 a/3 . 

Thus if Q-supersymmetry is spontaneously broken, then S'-supersymmetry is sponta- 
neously broken as well. And the NG fermion for the broken ^-supercharge is written 
by the derivative of the NG fermion for the broken Q-supercharge. 
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We now turn to spontaneous breaking of D=A N=2 superconformal group down to 
N—l super- Poincare group, i.e. the breaking pattern B in Fig.l. We derive the con- 
straints imposed on NG particles as in the previous case. The commutation relations: 

{Qai, S pi } = (a^M^ - 2i5iD - U p a B x l 

[Qali = ^(Tva&S?, [P„ K v \ = 2i( 9lxu D - M^) (10) 

and (0,§) give constraints on N=l NG multiplets. As before, Jacobi identities between 
([TOD and NG particles lead to 

~4>al ~ [Qal, O + ip] , 0m ~ ^"{QaU^al} , ~ 9^(7. (11) 

These transformations (|TTD show that there exists another independent N=l NG mul- 
tiplet (er + ip)(x,9,9) = (f> (x,9,9) which consists of component fields and ip a i. We 
put the chirality condition on (x, 9, 9). Thus we conclude that (x, 9, 9) is the NG- 
background chiral superfield which contains a complex spin field <ft = a + ip, where 
a is the dilaton and p is the axion, and spin ~ field ip a \ is the dilatino. 

Now we turn to the coset construction for the nonlinear realization. When D=A 
N=2 superconformal group is spontaneously broken to N=l super- Poincare group, the 
relevant left-invariant coset representative is given by 

L(x, 9, 9) = T FU (12) 

where 

T = exp(zz • P + i9 A Q A + i9 A Q A ) 9 2 = x , h = X 

F = exp(i0 • K + iip A S A + ii) A S A ) exp(iaD + iv^ 1 + iv 2 B 2 2 ) (13) 

U = exp(ivT + ivT). 

Under the left multiplication of a group element g G G, L transforms as 

L —> gL = L'h (h E H), (14) 

from which we obtain the transformation laws of the NG fields. We calculate the 
Cartan differential 1-form as 

L- x dL = iDx ■ P + iD9 A Q A + iD9 A Q A + zD0 ■ K + iDtp A S A + iD^ A S A 

+1D0D + iDvxB^ + %Dv 2 B 2 2 + iDvT + iDvf + -u^M^ (15) 
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where 



Di" = exp(-<r)[da? + id6 A a ll 6 A + ide A a^6 A ] = exp(-cr)dP 
m aC = W A B U B c [d9 aA - i^a^dF] 

Da = da-2[dl-(t)-d6 A i) A -d6 A i) A } (16) 
Dp = dp- 2[dF(ip A a^ A ) + id6 A ip A - id6 A ip A } 

U A = exp i(vr + vf) B = 



cos vot j./rsmv™ 



sin \Aw cosvw 



X 1 

W A B = exp [--{(a- 3ip)l - w 3 t 3 }] a b , p = -fa + v 2 ) , v 3 = Vx - v 2 . 

We take Q 2a to be the broken supercharge while keeping Qi a unbroken. The NG 
field of the broken Q 2a is denoted by Xa- Here one should also note that we only 
consider the case where SU(2) xU(l) symmetrey is broken to U(l). Namely, the three 
generators; T = B 2 \ f = B ± 2 and A = 3(51 1 + B 2 2 ) are broken and T 3 = \{B^ -B 2 2 ) 
remains unbroken. This is consitent with the relations obtained by the charge algebras. 
Further, if T 3 were broken, we would need another real scalar as well as one fermionic 
superpartner, but there are no such particles in the present case. Therefore, it is 
reasonable to keep T 3 unbroken. This amounts to take v 3 = and W A B is reduced to 
exp[-|((j - Zip)] 5/. 

Now let us proceed to the constraints to be imposed on particles in the framework 
of nonlinear realization in order to eliminate the unphysical degrees of freedom. Be- 
fore doing this, we introduce the superspace coordinates X A = (x M , 9 a ,9a) and the 
supervielbein defined as 

DX A = dX M E A , DX A = (Dx", D6 a , D0 d ) , dX M = {dx m , d6 a , dB & ). (17) 

In general the constraints should be invariant under the nonlinear transformations, 
and therefore its form is represented as D A t; = constant for any NG particles £, where 

D 4{ = J* = -J* ( 18 ) 

is the covariant derivative of NG field in the nonlinear realization. This is because the 
covariant derivatives of NG particles transform linearly under the full group. In our 
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present case we set the following constraints: 



D M x a = DqX q = D qX q = 0, B^a = V aX « = D"xa = 0, 

D A a = (A = fji, a, a); D a p = 0, B & p = 0. (19) 

We will see that these constraints realize the relations fl5|,|TTD and further impose the 
chirality conditions on \ as wen as on = o" + ip. Note that we do not require 
D M p = 0, because it would lead to an over-constraint among the independent NG 
fields. Moreover, other possible constraint like — does not match the relations 

(10). 

Using the supervielbein matrix elements, we define covariant derivatives in the NG 
background as (d m = d/dx m , d a = d/d8 a , d a = d/d0a): 

X? M = (e" 1 )^ , V a ee d a - ejVp ,V d = d d - e^ t . (20) 

e m » ee 8^ + i{d mX ^x + d m x^x), {e- l ); n e m » = 8/ 
ef ee i(^e) a + i(d aX ^x + daX^x) (21) 
e & " = i(a»9f + i(d"x^X + d & X^X) 

which coincide with those introduced in 101. Now we solve (|19D and find 



V^ x a = , VP<f) = (22) 

ft = - J ^ + ^(x^)^rL = 5| + (23) 

ft = -~ (Y-'ti fDrix<>% ~ %P$\ (24) 
^tan2 v / ^ = (P X + \vxV«XpV a X P ) (1 - ~P 7 X^VPdX#V) (25) 
<P» = \v„o + iV^2 + (^x)V> 2 (26) 

Note that the conjugated relations also hold for ( |22|) -((25|). The two equations of ( p2|) 
are the chirality conditions for x a and <fi = a + ip. From (E^), the superfield of the 
dilatino ^i, the superpartner of the dilaton, is given by the other superfields. The 
equation (|2~4j) gives the superfield tp2 as derivatives of x an d 0, in accordance with the 
statement we made before by using the charge algebras and the spectral representation. 
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The equation ( |25| ) shows that the NG field of the broken SU(2) generators, T and T, is 
given by the superfield x- The last equation (^) indicates that M is not an independent 
NG degree of freedom but is given by other NG fields. 

The explicit expression for the supervielbein in the full superspace is given by 



where 



E 



M 



I A v D a Ci 
BJ 1 E a a H aA 



ma 
aa 



(27) 



A v 


= e 


-v P M 


B» = e" CT e/, C a » = e 


D a 


= e 


-\(u-Up) 




E a a 


= e~ 


|(cr- Zip) 


U\8° + U l 2 8 aX a - ie»{¥ 


paa 


= e~ 


\(a-Zip) 


U\d h x a ~ ie^i^a^Ul 


c 

^ma 


= e 


-|(cr+3ip) 


dmXaiU' 1 ) 2 ! - ie^{i) A a^ 




= e~ 


±(<x+3ip) 




a a 


= e~ 


±(a+3ip) 


(u-'M + (u-'Wx* - 



-a ap 



\arrl 



-l\A 



From these result, we can compute the superdeterminant of as 



sdet (E 



M 



det (A^) ■ det-\b - BA^C) 
1 



e~ 2<T det ie* 



i ,_ v i-^ 
-T>x\\ — tan yvv 
2 A Vt) 



where we have denoted the submatrices as 



C 



CA m ^ C 
b b 

n a c 



B 

b 



B ^ 

E a a 

paa 



H a a 
J& . 



(28) 



(29) 



(30) 



The inverse of the supervielbein, (E -1 )/ 4 is computed in a similar way. 

The simplest invariant action for the dilaton multiplet is obtained from the above 
superdeterminant, by forming the invariant phase volume. 



/ 



d i xd 2 9d 2 6 sdetE^ 



d A xCo + 



(31) 



where the nonlinear lagrangian Lb turns out to be 



- \{d mV - <9 m ^*)#"V + (F* + ^ 2 )(F + i^ 2 ) 



(32) 



where we denote the first, second and auxiliary components of the superfield <fi by 
<p, ip and F, respectively. The ip is, at the same time, the first component of the 
superfield This is the same effective lagrangian for the sponatneous breaking of 
N=l superconformal to N=l super- Poincare symmetry corresponding to the pattern 



D in Fig.l and discussed in ref. |15 



Now we introduce the chiral superspace in the NG background , (x L m , 9 a ), as 

x ra = x m _ {Q(J mQ _ ^m- (33) 

The supervielbein El m f° r the chiral superspace in NG background is 
( Dx", D9«) = ( dx L m , d9 a ) C A ™1 C j^2)=( dx L m , d6 a ) E L (34) 



where 

A-rn" = e CT e^ m , e^ m = 51^ + 2id^ l X (jfJ 'X 
B» = e" CT eL, eL = 2i(^9) a + 2id aX ^ X 
C« = eU^p) (dbfUl - ietM A a»ru\) 

D a = e U«-3i P ) (8*ui + q^jji _ ie^ A a^U\) (35) 

The chiral super determinant is given by 

sdet£ L = det A- det- 1 (D-B A' 1 C) = e ~ 3a - 3ip det(e£J[l ~~\ - tan y/rijVx]' 1 . (36) 

The invariant nonlinear lagarangian has the following form for the chiral superspace: 

J d 4 x L d 2 6 sdet£ L f(D A £, $) + h.c. (37) 

where £ is any NG field and $ is a spectator field which transforms linearly in the 
nonlinear realization. 
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Now we construct the invariant lagrangian for the vector multiplet of NG fermion 
for the broken supercharge Cy- 
linder the supersymmetry transformation of Qi'- g = expi(r]Q2 + 77O2), 

x m _^ x ,m = x m + i( w ™- _ ^m-) 

e a -> o ,a = e a , e d ,^e' 6i = e & (38) 

and the NG fermion varies as 

X ' a (x', 9', 9') = X a (x, 9, 9) + V a , x'aW, 6', = 9, 9) + fj & (39) 

Note that the NG fermion field Xa starts with W a = iD 2 D a V, 

Xa = W a + -D 2 (W 2 )W a - iWa^Wd^Wa + 0(W 5 ). (40) 

where D a = d a — {{a^d^Jd^ and D a = d a — i(a fl 9) a d^ are the ordinary supercovariant 
derivative and V(x, 9, 9) is the vector superfield 0. 

The invariant effective lagrangian for the vector multiplet can be obtained by the 
standard prescription ( |37D in the nonlinear realization. We take the function / to be 



1 



1 + ^XftD^ 



(41) 



where 

D (*X$) = l^aXp + 'DpXa) (42) 
is the symmetric part and is equal to 

D (<^) = = + ■■■ (43) 

with 

— % Fv — 

A = 1 + -W-tan VzrdDX (44) 

The effective lagrangian for the vector multiplet (or NG-Maxwell multiplet) arises 
from the interplay of the D-term ([31]) and the F-term given as follows, 

J d'x L d 2 9 ^det(e£J[l - ^x]'^ + \^ { aX^A + h-c. 

= J d A x L d 2 9e~^ (1 + 2id^ X ° m X + •••)(!- \v&>X + ■ ' 



x(l - l -(VX? + l -V«XfP«X P ) + h.c. 



J d A x L C NGM (45) 
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where the following relation has been used: 



V {& XffP { *X h = - \{Vx) 2 . (46) 

To the order of x 2 — W 2 + • • ■ we get 

Cngm = J d 2 9 1(1 - \d\W 2 ) + •••)+ h.c. (47) 

where the integrand turns out to be chiral to this order. In this sense the choice of 
/(Dyt£) is unique to the order of x 2 . Note that we have used the Bianchi identity, 
DW = —DW. The total lagrangian 

C = Co + Cngm (48) 

provides the kinetic term for the vector multiplet by using the equation of motion for 
F and F*. Hence we get 

- J d 4 xe~^ jl + -F mn F mn - l -d m \a m \ + % -\a m d m \ - l -D 2 + 0(*£ n )} (49) 

This action is invariant under the nonlinear scale transformation: — > e K x fl , where 
the dilaton transforms as a — > a + k and the gauge field strength F mn as well as the 
auxiliary field D have vanishing scale dimensions and A has a scale dimension 1/2. 
This is because the superfield x has a scale dimension 1/2, as can be seen from the 
coset construction. 

Here we should note the connection with the breaking pattern C, which was studied 
in ref. [JHJ. In that case there appear a iV = 2 multiplet consisting of dilaton a, axion 
p, dilatinos ipi, = 1, 2) and vector gauge field A^. The effective lagrangian in that 
case is similar to the sum of Q52] ) and (|9). If the N = 2 supersymmetry breaks down 
to AT = 1, this multiplet splits into two N = 1 multiplets; the vector multiplet and the 
chiral multiplet. 

Finally, a comment on the Born-Infeld action |17|, [18|] is in order. It is not straight- 
forward to extend the Born-Infeld action for the partially broken N = 2 super-Poincare 
symmetry discussed by Bagger and Galperin p to the present case, where the dilaton 
multiplet is coupled to the NG-Maxwell multiplet. It might be possible to derive the 
Born-Infeld action by summing up the higher order powers of F mn in (f49f), which is 
now under investigation. 
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Figure Caption 

Fig.l Various patterns for spontaneous breaking of N = 2 superconformal symmetry 
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